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Introduction

One of the first mathematical skills that we all learn is how to add
a pair of positive integers. A young child soon recognizes that
something is wrong if a sum has two values, particularly if his or her
sum is different from the teacher’s. In addition, it is unlikely that a
child would consider assigning a non-positive value to the sum of
two positive integers. In other words, at an early age we probably
know that the sum of two positive integers is unique and belongs to
the set of positive integers. This is what characterizes all binary
operations on a set.
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Binary Operation

Let S be a non-empty set. A binary operation on S is a rule that
assigns to each ordered pair of elements of S a unique element of S.
In other words, a binary operation is a function from S x S into S.

~ +:RxR—R

~+ Multiplications, union, intersection, composition of functions
..., are binary operations.
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Properties of Operations

Commutative Property

Let x be a binary operation on a set S. We say that * is
commutative if and only if ax b=bx*aforall a,be S.

Associative Property

Let * be a binary operation on a set S. We say that * is associative
if and only if (a* b)*c=ax(bx*c) forall a,b,c € S.

~» The addition and multiplication are associative and
commutative on N, Z, Q, R, C.

~ T :xTy =¥ x,y € Qis not associative (((—170)T1 = 1)
and (—1T(0T1) = 31) ). But it is commutative on Q.

~~ o is associative on A(S,S), but not commutative on A(S,S),
only if E is reduced to one element.
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Properties of Operations

Identity Property

Let x be a binary operation on a set S. We say that * has an
identity if and only if there exists an element e € S such that
axe=exa=aforallacs.

Inverse Property

Let x be a binary operation on a set S. We say that * has the
inverse property if and only if for each a € S there exists b€ S
such that ax b = bx a = e. We call b an inverse of a, noted a~!.

~» On (R, x),e =1 and (A(S,S),0),e = fig. e is called the
neutral element

~ a~t € R* is L and the inverse of f € (A(S,S)) is f*
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Idempotent Property

Let x be a binary operation on a set S. We say that * is
idempotent if and only if axa=aforall ae S.

A On ((A(S,S),O), fn:fOfOfo-..of:fWhen f:f[dE

~~ ...on matrix!
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Properties of Operations

Left Distributive Property

Let * and %’ be binary operations on a set S. We say that ' is left
distributive over x if and only if a*’' (bxc) = (a*’ b) x (a*' c) for
all a,b,c € S.

Right Distributive Property

Let * and «’ be binary operations on a set S. We say that * is
right distributive over x if and only if (bxc)*" a= (b*" a)*(c*" a)
for all a,b,c € S.

Distributive Property

Let % and ' be binary operations on a set S. We say that * is
distributive over x if and only if " is both left and right distributive
over .
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Closure Property

Let T be a subset of S and let * be a binary operation on S. We
say that T is closed under * if a,b € T implies that axb e T.

Closed Set

(S, %) is a closed set if S is non-empty set and S is closed under x.

~ (N, +), (N, .) and (P(&),U), (P(E),N) are closed sets.
~+ (N, —) is not a closed set, .. .. J
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Morphism, isomorphism and endomorphism

Lets (S,*) and (S, %) be two closed set.
> A morphism from (S, ) to (S, ') is every application
f: S — S such that :
V(x,x') € E? : f(xx x') = f(x) ' f(xX)

> If f is bijective then f is an isomorphism (S, *) to (S, ).
> An endomorphism is a morphism (S, %) on itself.

> An automorphism is an endomorphism (S, *) bijective.
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Let (G, *) be a closed set. (G, *) is a group if :
@ x is associative on G :(ax b)xc =ax(bxc) forall a,b,c € G.

@ There exists an identity element, e € G, such that
arxe=exa=aforall acaG.

© For all a € G, there exists an inverse; that is, there exists
be G such that axb=bxa=e.

If % is commutative then (G, ) is Abelian group (commutative
group).
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Group example

~ (R, +),(Z,+), (R*, x), (Q*, x) are Abelian groups.

(N, +) and (Z, x) are not groups.

~ Let E # (0. (P(E),U) is not a group, because if A # () then,
there is no A’ € P(E) such that AUA' = 0.

~ Let E # (. (P(E),N) is not a group, because if A # E then,
there is no A" € P(E) such that AN A’ =

¢
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Subgroup definition

Let (G, *) be a group. A non empty subset H of G is a subgroup if
and only if it satisfies the following conditions.

© The identity e of G is in H.
Q If x,y € H, then xxy € H.
O If xe H, then x ! € H.

Proposition

Let H be a subset of a group G. Then H is a subgroup of G if and
only if H # (), and whenever x,y € H then x x y™1 € H is in H.
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Subgroup example

Consider the group G = (R*, x). H={2",n € Z} is a subgroup of

G.

e

Hc G;
e=1isin H;

leta=2"neZand b=2"me Z.
axb=2"x2m=2mtmc H

leta=2"ne€Z al=2"—-neZ soaleH.
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Image and Kernel of morphism

Let f be a morphism from the group (G, ) to the group (G’, «),
with e, &’ their neutral element respectively.

~» The image of f is the subset of G’ defined as :
Imf ={f(x),x € G}

~+ The Kernel of f is the subset of G defined as :

Ker f ={xe G:f(x)=¢}
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Image and Kernel of morphism : example
On (R,+) and (R%, x), consider the function f: R — R,
X — eX.
~ Since f(x +y) = & = f(x) x f(y), f is a morphism of the
groups (R, +) and (R%, x).
~ Im f = {&*,x e R} =R%.
~ Ker f ={xeR:e*=1}={0}.
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Some results

Propositions
Let f be a morphism from the group (G, ) to the group (G’, «),
with e, &’ their neutral element respectively.

P; : The neutral element of a group (G, %), e, is unique.
1

P, : The symmetrical element of a group (G, *), x~*, is unique.

Ps: f(e) =€ and f(x71) = (f(x))~ L.

Py : f is injective if and only if Ker f = {e}.

Ps : Let K be the kernel of f. Vk € K, and Vx € G, we have
xxkxx1leK

~ Proofs!
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Example

Aaff(R,R) = {V(a, b) ER*XR and VxeR: cp(&b)(x) = aX—i—b}J

(A (R,R), 0) is not a commutative group
o Let f,f,f3 € Ay, we have o (hofz)=(frofh)of---

o Vf € Ay, 3flg € Aur - fofig = figo f = f; fig(x) = x for
a=1and b=0.

o Ve Aur, IF T €Asr i fof T =Fflof =fy;
-1 1, b
fap)(¥) = 2x = 3.
o Let f1,, € Aupr, we have ffofh £ Hofy.

~ (Aar(R,R), 0) is not a commutative group.
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Example

Aarr(R,R) = {V(a,b) € R* xR and V x € R: ¢, )(x) = ax+b}

T(R) = {¢@,) : b€ R} is a subgroup of (A7 (R,R),0).

~ T(R) C Aa(R,R);

~ figisin T(R);(a=1,b=0)

~ Let ff € T(R) and L € T(R). fy o, € T(R)
~ Let f € T(R), f1(x)=1-be T(R).
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A closed set (R, T,x) is a ring if :
e (R, T) is an Abelian group;

e The operation * is associative on A;
e The operation * is distributive to T ;
e A admit a neutral element for the operation .

If * is commutative, then we say that the ring (R, T, x) is
commutative.

o (Z,+,x), (Q,+, x), (R,+, %), (C,+, x) are rings.

e (P(E),U,N) is not a ring.

o Let X #0, (A(X,R),+, x) is aring, with x e X - 0€R
and xe X —1eR
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The ring (R, +, x)

Unity of a Ring
A ring (R, +, x) that has a multiplicative identity is called a ring

with unity. More formally, if 31, € R:Va € R,
ax1ly =1, xa= athen R is called a ring with unity.

A nonempty subset S of a ring (R, +, X) is a subring of R if and
only if :

e (S,+) is a subgroup of the group (R, +)

e S is closed under multiplication : if a,b € S then ax b € S.

e e, €S

(Z,+, x) is a subring of (Q, +, x) |
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Rings

Integral domain and zero divisors

Zero Divisor

Let (R,+, %) be a ring. If a and b are two non-zero elements of R
such that a x b =0, then a and b are called zero divisors.

Integral Domain

|

A commutative ring with unity containing no zero divisors is called
an integral domain.

A\,

e The ring must be commutative because of the right and the
left of the zero divisors.

e (R,+, x) is a ring integral domain if R # {0g} and if
V(a,b) S Rz(ax b=0g = (QZOR or bZOR))

\,
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Rings

Integral domain and zero divisors examples

Q@ In (A(R,R),+, x), the two functions
f:x—{0if x<0; and /x if x>0} and
g :x+— {xif x<0; and 0 if x > 0} are zero divisor.

@ The closed set (Z,+, x) don't have a zero divisor, so it is a
commutative ring integral domain.

© The commutative rings (Z/2Z,+, X) and (Z/3Z,+, X) are
integral domain. But, (Z/4Z,+, x) is not integral domain,
because, 2x2 = 0. So,2 is a zero divisor in Z/4Z.

Q In (Z/8Z,+, %), 4 and 2 are zero divisors since since 4xX2 =
And 6 is a zero divisor because 6x4 = 0
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A closed set (F, T,x) is a field if :
e (F, T,x)is aring;

eVxeF x#er,IxeF: xsxt=xlxx=e,.
If % is commutative, then we say that the Field (F, T, %) is
commutative.

e (Q,+, %), (R,+, x), (C,+, x) are fields.

e The commutative rings (Z/2Z,+, X) and (Z/3Z,+, X) are
commutative fields.

e (Z/13Z,+,X) is a field but (Z/4Z,+, x) is not a field.

e In the general case, (Z/nZ,+, x) is field if n € N is prime.
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Fields remarks, example

e A field is a ring where each element is invertible with the
second operation, excepted the zero element.

e If (F, T,%)is a field then the set F \ {Of}, noted F*, provide
with the second operation; (F*, ) is a group.

@ All fields are rings integral domain. The converse is false.

(Q[v2],+, x) is a field; Q[v2] = {a+ bv2: (a,b) € Q?}
e (Q[v2],+, x) is a commutative ring;
o Vx € Q[V2],x 7&0 fole(@[\f] xxxt=xT1xx=1

b = —b

-1 _ / ——0
Where x™* =23 + b \ﬁ ra = a2721)27 22_0p2"
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Fields

Morphism of ring, morphism of field

Morphism of ring, morphism of field
Lets (R, T,*) and (R, T', %) be two rings.
> A morphism of rings from (R, T,x) to (R', T, ') is every
application f: R — R’ such that :
V(x,x') € R? : f(xTx') = f(x) T'f(x') ,
V(x,x') € R?: f(x* x') = f(x) ¥ f(x') and f(es) = ew
> If f is bijective then f is an isomorphism of ring (R, T, %) to
(R, T «).
> If (R, T,x) and (R', T',«’) are field, then f is a field

morphism.
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Example

We define on R the operations & and ® as follow :
x@y=x+y—-1, xQ@y=x+y-—xy
QO (R,®) is an Abelian group.
e xODy=x4+y—-1=ydx;
e x®(ydx)=(xdy)®x;
e eg=land x1=2—x
@ ® is associative and commutative.
o XXYy=y®X,
« xB(y®2) = (xBY) @ (x 8 2);
e ey =?and x 1 =7.

Q Is (R, ®,®) aring? field?
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